Tomonaga-Luttinger liquid with reservoirs in a multi-terminal geometry. 
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We propose a formalism which uses boundary conditions imposed on the Luttinger liquid (LL) 
to describe the transport properties of a LL coupled to reservoirs. The various boundary conditions 
completely determine linear transport in the joint system reservoirs+LL. As an illustration we 
consider an exactly solvable microscopic model in a multi-terminal geometry for which such boundary 
conditions can be explicitly derived; in this model the Landauer-Biittiker formalism fails: if it were 
valid, the relation between the conductance matrix elements and the reflection and transmission 
coefficients could yield negative probabilities. We then apply our formalism to a discussion of shot 
noise through an impurity in a LL connected to two reservoirs. 
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I. INTRODUCTION 

For Fermi liquids coupled to many reservoir leads linear 
transport properties can be described by the Landauer- 
Biittiker formalism whose key idea is to relate transport 
properties of each single electron at the Fermi level to 
some transmission and reflection probabilities tilji^t char- 
acterize the scattering properties of electronsoa. The 
Landauer-Biittiker formalism states that the conduc- 
tance matrix elements Gnp defined for each conducting 
channel by in = GnpVp (where in and Vp are respec- 
tively the current injected by reservoir n and the voltage 
of reservoir p) are related to the transmission (Tnp) and 
reflection (i?„) probabilities of single electron: 



G 



np 



2 

h ^''^P- 



(1) 
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Therefore: (i) G„„ > and Gnp < and both are 
bounded by e'^/h; (ii) in the absence of any backscat- 
tering G„„ has a finite universal value Go = e^//i which 
leads in a two-terminal geometry to the so-called univer- 
sal contact resistance that reflects the (inelastic) relax- 
ation process of each electron that leaves the sample and 
enters a given reservoir. 

For strongly correlated electronic systems such as the 
Luttinger Liquid (LL) the single particle scattering ma- 
trix approach essential to the Landauer-Biittiker formal- 
ism becomes inadequate because in a LL the single- 
particle Green function has no quasiparticle pole which 
means that electrons do not propagateH. 

Nevertheless, the Landauer-Biittiker formalism has 
been widely used to interpret recent twcuand multi- 
terminal linear transport measurementsQu on physi- 
cal— sijstems that are believed to be good examples of 
lM'U. More precisely several experiments on quantum 
wires fabricated by cleaved edge overgrowth found two- 
terminal conductanpe plateaux at nonuniversal values: 
G = 0.8, 0.85, 0.91 and as low as 0.45 in units oLthe 
quantum of conductance Gq (per channel)!]. In Ref.cl re- 
sults for a three terminal geometry are also reported and 



show that Rn 7^ if interpreted in the Landauer-Biittiker 
frame. Assuming then that electrons in the wire are non- 
interacting these values can be understood by invoking 
some backscattering due to the coupliag of the ballistic 
wire to the two-dimensional reservoirsu. Similarly indi- 
vidual single wall carbon nanotubes wer&,found with ei- 
ther a two-terminal conductance G = GqB but also with 
G ~ 0.5 - O.GGoB. 

If one believes that quantum wires and carbon nan- 
otubes constitute realizations of the LL the interpreta- 
tion of these non universal ohmic conductance plateaux 
poses a serious problem in two respects: (i) if the smaller 
conductances are interpreted as resulting from some 
backscattering (in agreement with a Landauer-Biittiker 
interpretation) then this is contradictory to the expec- 
tation that in a LL backscattering should lead to power 
law (non-ohmic) corrections; (ii) moreover in the frame- 
work of the LL theory several earlier theoretical papers 
found that the two-terminal conductance of a LL should 
be unaffected by the interactions and stick to a univer- 
sal value Go yielding the same contact resistance as in 
non-interacting systemal3. 

Actually a theoretical analysis of the transport prop- 
erties of a LL in a multi-terminal geometry has not really 
been developpcd. 

In this paper we develop a formalism to describe the 
linear transport properties of a LL coupled to an arbi- 
trary number of electrodes, which play the role of charge 
reservoirs for the LL. Instead of a full-fledged microscopic 
approach which is obviously unassailable we propose a 
formalism in which the coupling of a LL to reservoirs 
is taken into account by considering a LL subjected to 
boundary conditions. Our approach generalizes several 
earlier papers which take-a jSimilar stand for the mod- 
elling of a coupled systenJl5il3. 

Our basic idea is as follows: (i) we observe that in a 
LL a chiral decoupling occurs, i.e. each chirality is inde- 
pendent of the other and is responsible for the transport 
of current in one direction, and therefore the transport 
properties are completely specifled by the associated chi- 
ral chemical potentials, (ii) Imposing linear relations to 
the terminal voltages determines the values of these chi- 
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ral potentials: each set of relation can therefore be seen 
as a set of boundary conditions imposed on the LL. We 
consider that each set of boundary conditions character- 
izes some kind of coupling of the electrodes to the LL. 
In other words as far as the transport properties are con- 
cerned we view a given set of boundary conditions as 
corresponding to a universality class for the total sys- 
tem consisting of both the LL and the electrodes. That 
formalism is explained in section 2. 

To substantiate our views we consider in section 3 
an exactly solvable model of strongly correlated fcrmions 
coupled to an arbitrary number of terminals and for 
which such boundary conditions can be derived explicitly. 
We find that in the toy model of section 3 the signs of 
the conductance matrix elements are not fixed: if we were 
to define reflection and transmission coefficients i?„ and 
Tnp through equations (|l|,||) we would get negative proba- 
bilities. That the probabilistic view of transport given by 
the Landauer-Biittiker formalism fails is hardly surpris- 
ing: transport in a LL is not ensured by electrons (or Lan- 
dau quasiparticles) but by fractional excitations akin-to 
those of the Fractional Quantum Hall Effect (FQHE)Ea. 

In section 4 we specialize to the two-terminal geome- 
try. We show that the boundary conditions are equivalent 
in that geometry to specifying contact resistances at the 
source and the drain. We explain how our formalism al- 
lows us to classify earlier theories: theories yield distinct 
conductances because they belong to different universal- 
ity classes and correspond to distinct boundary condi- 
tions. We then consider a LL with an impurity which 
provides some backscattering within the system but not 
at the two contacts. We then discuss implications of our 
formalism in section 5 for the various theories of shot 
noise through a single impurity in a LL. 



where: 



Q[a] = 



a 1 
a 1 



(6) 



In terms of these chiral variables the LL hamiltonian is 
completely decoupled into two chiral hamiltonians. Cur- 
rent will then be induced in the LL by adding conjugate 
variables to H: 



SH = -fi+p+ - f-i-p- 



(7) 



which defines chiral chemical potentials; as usual when 
defining chemical potentials they correspond to the en- 
ergy needed for the creation of a unit particle of a given 
chirality within the LL {Q± — J dx p± = 1) . They are 
not defined as the reservoir chemical potentials. Mini- 
mization of the hamiltonian leads easily to the relation: 



Ke 



(8) 



Therefore the two-terminal conductance of a LL as mea- 
sured against these chiral chemical potentials is: 
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(9) 



li is crucial to realize that the experimentally measured 
conductance Go* — — — — and Gk need not be identi- 
cal. The chiral chemical potentials (associated with the 
quasiparticles driving the current in the LL) will indeed 
usually differ from the reservoir chemical potentials. 



II. BOUNDARY CONDITIONS IN A 
MULTI-TERMINAL GEOMETRY. 

A. Chiral chemical potentials for the LL. 

We consider the standard LL hamiltonian density: 



H ^h- 

2 



(3) 



where we have introduced the standard phase field $ re- 
lated to the electron density by: Sp{x, t) = dx^j \pn , and 
its conjugate canonical momentum 11. We also introduce 
the chiral densities: 



1 



2V^ 



(9,$±ifn), 



(4) 



It is easy to check that these densities are indeed chi- 
ral and to show that they are related to the densities of 
electrons at the right and left Fermi points by: 



Q[K]{ 



(5) 



B. Boundary conditions. 



We now consider N terminals at respective voltages 
Vn- The geometry is indifferent and is either that of a 
loop or that of a rod (see Figures 1 and 2). Due to current 
injection at each terminal the chiral chemical potentials 
may change their values across them: accordingly we add 
indices so that and p,~ are on the left of terminal n 
and change to p^+i ^^'^ Mra+i right of the same 

terminal. Depending on the geometry for N terminals 
there will 2N or 2N — 2 chiral chemical potentials. 



p 



(10) 
(11) 



The Fermi energy of the LL is taken as the origin of the 
voltages. These equations simply express an equilibrium 
condition for the chemical potentials of the LL with those 
of the reservoirs. Our point of view is therefore in a sense 
a thermodynamical one. 
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The joint system (LL+electrodes) is therefore reduced 
to an isolated LL (i.e. with no electrodes) on which these 
boundary condtions are imposed. The advantage of such 
an approach is that it avoids the complications of micro- 
scopies. To borrow the language of the renormalization 
group we view the boundary conditions as characterizing 
universality classes of the system (LL+electrodes). Any 
set of boundary conditions labels a fixed point of the 
joint system and completely determines linear transport 
as will be shown below. 

Since eVp is the chemical potential of reservoir p charge 
conservation results trivially in: 



(12) 



The current injected at each terminal is simply the differ- 
ence between the current circulating on the right of the 
terminal and the current on the left of it: 



h 

Taking into account the boundary conditions eq.(|l 
leads to: 

Gnn = (a;^+i -a:[ + ~ bZ+,) (14) 

Gnp = {al^, -< + K- K+i) ■ (15) 

It is trivial to check that the following identities are 
obeyed: 



^ ] Grip — 

p 

^ ] Gpn — 0. 



(16) 



(17) 



The first identity implements the fact that the origin 
of potentials is arbitrary (gauge invariance); the second 
identity is just current conservation. 

The requirement that Onsager-Casimir relations and 
positive semidefiniteness of the conductance matrix (this 
ensures dissipation of energy) be realized evidently puts 
further constraints on the coefficients aj^ and bf^ (such as 
positivity of the diagonal elements Gn„) but we will not 
use them in this paper. 

These boundary conditions can then be straightfor- 
wardly generalized to the case of several conducting chan- 
nels as in carbon nanotubes. 



III. A MULTI-TERMINAL MODEL. 

We introduce in this part a model derived from one ipi- 
tially proposed by Chamon and Fradkin for the FQHEO. 
The model consists in a chiral Luttinger liquid in contact 
with N reservoirs through point contacts in the strong 
coupling limit (no backscattering at the contact) (see 
Figure 3). We will show that our boundary conditions 



formalism can be explicitly derived for this model of 
strongly correlated electrons; moreover we show that the 
conductance matrix elements can surprisingly have signs 
forbidden in the Landauer-Biittiker formalism. 



A. Some useful preliminaries. 



We review first relevant results for the lagrangian of a 
chiral LL coupled to a single reservoirEJ: 



L = L, 



-'reservoir 



-'tunnel 



Ledge = {dt - udxf) 

47r 

Ltunnel = T5{x)e'- n '^'^^^^^{x ,t)^l reservoir 



(18) 
(19) 

+ h.c. (20) 



The lagrangian for the reservoir is taken to be that of free 
chiral electrons: the electrons are chiral because free elec- 
trons on a half-line are tantamount to free chiral electrons 
on a full fine. = Vreservoir — V^2ge ^he potential 
difference between the reservoir and the incoming edge 

electrons. The edge electron operator is: VPedge = e~^^'^ 
where v = ^^^_^_j^ is the Quantum Hall state filling factor. 

In the strong coupling limit, the tunneling current can 
then be shown to be: 



2iy 



Hv 



1 h 



(K 



reservoir 



(21) 



which can also be expressed in terms of the chemical po- 
tential V°,"*e after the tunneling event: 



out 

edge 



edge 



(22) 



That expression for the tunneling current is valid at the 
strong coupling fixed point (F = oo): therefore trans- 
mission is always perfect with no backscattering at the 
contact. Away from the fixed point (at finite F), there 
would be a contribution due to backscattering which van- 
ishes as j^AV^^^^^K In our model we will also work in 
this ohmic limit of no backscattering. 

Chamon and Fradkin then consider Nr such tunnel 
point contacts, each at the same potential Vreservoir = 
Vd and then similar point contacts at the potential 
Vreservoir — Vs ■ In ttlis way, they modelize a quantum 
Hall bar at filling v with two 2D reservoirs on the left 
and at the right of the sample, which are connected to 
the Hall bar through respectively Nl and point con- 
tacts. An assumption underlying this model is therefore 
that the point contacts are incoherent, i.e. each tunneling 
at each point contact can be considered independently of 
the other point contacts. The two-terminal conductance 
can then be easily extracted and depends on the number 

of contacts Nji and N^; in particular the conductance 

2 

differs in general from Go = 7^: 
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GiNL,Nj,) = iy- 



e2 




Nl' 
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(23) 



B. A toy model. 

We turn now to our model: it consists in a chiral Lut- 
tinger liquid with Luttinger parameter v — l/{2n + 1) 
in a circle geometry with N terminals (Figure 3). That 
problem is easily solved by observing that it is a general- 
ization of Chamon and Fradkin model found by allowing 
each of N point contacts to have distinct potentials. The 
n — th terminal has potential Vn , and due to the current 
in which tunnels through it the chemical potential of the 
chiral LL is raised from fi„ to fin+i- The associated tun- 
nel lagrangian L^^^^^^i is exactly similar to Lumnei given 
above in eq.(p^, except for with the location of the tun- 
neling center. 

Let us focus on the n — th terminal; using equations 
(El],p2|); the current «„ is: 



U +1 h 

h 

This yields the relation: 

Mn+l = "Mn + (1 - a)eVn 



(24) 

(25) 
(26) 



where a = ^^—rk- ■ Since we work on a circle with 'N termi- 
nals: ^n+i = Mi! we then deduce that each potential /i„ 
can be completely expressed in terms of the potentials of 
all the terminals: 



(1 — a)a 



n-l 



1 — a 



N 



'n-l -J, 

aP 

.p=i 



p—n 



(27) 



According to cq. (^51), the current injected by the n — th 
terminal i„ = G„„K + J2p^n GnpVp yields the conduc- 
tance matrix: 



G 



nn — /j 

^ e2 (i_a2)a'i(".p)-i 



np 



1-a 



N I 



(28) 
(29) 



where d{n,p) = n — p for n > p, or d{n,p) = N + n — p 
for n < p. 

Several points are quite noteworthy: 

(1) The boundary conditions described in section 2 
are implemented exactly by eq.(^7|) with the coefficients: 



p _ (l-a)e 



1-Q« ' 
„ _ (l-a)a"-^ 



n ^ p 



(30) 
(31) 



(2) In the scattering approach the conductance matrix 
is directly related to probabilities of reflection and trans- 
mission through: G„„ = -7^ (1 - i?„) and G„p = -^Tnp. 
Therefore G„„ is a positive number while G„p is negative. 
However in our model G„p can be positive depending on 
the value of d{n,p). More precisely Gn,p and G„,p+i have 
alternating signs: this means that even if electrodes p and 
p + 1 have the same potential currents issued from them 
are flowing in opposite directions to electrode n. This 
would have been impossible for non-interacting electrons. 

(3) Current conservation and gauge invariance are im- 
plemented since: J2p Gpn = = J2p Gnp- 

(4) The quantity J2np^nVpGnp is always positive, 
which ensures dissipation of energy. 

Proof: It is equivalent to show that J2n p ^nVp^{Gnp + 
Gpn) > 0. It is enough for that purpose to show that the 
eigenvalues of the matrix ^{Gnp + Gpn) are all positive. 
But |(G„p -I- Gpn) is a circulant matrix, i.e. a square 
matrix whose rows are obtained by displacing the matrix 
elements of the first row by one column. For a circu- 
lant matrix whose first row is (ai, .., qn) the fc = 1, iV 
eigenvalues are equal to P{rk) where rt = exp ^^^is one 
of the TVth roots of unity and the polynomial P(X) = 
^p^Q cip+iXP . For the matrix ^(G„p -I- Gp„) the first 
row (ai, .., qn) is given by: 



ai - Lrii - — ■ 



j-i — 2 ^ 



^{(JU + L'Jlj - \^ 2 J I* > 

Therefore the eigenvalues are given by: 



Pir^) 



(1 + q)^(1-cos^) 
(l + a2_2acos^) 



> 0. 



QED. 

One eigenvalue vanishes {P{ro) = 0); it corresponds to 
the eigenvector {Vi,..,Vn) — (1,..,1) which implements 
gauge invariance (since the origin of voltages is arbitrary 
no current can flow if all voltages are equal). 

(5) It is easy to check that Onsager-Casimir reciprocity 
relations are obeyed in this model: G„p((/) = ^(j^o) = 
Gpnif/) = ~^4'o)- Since a magnetic field is present, un- 
der time-reversal one must reverse its sign, which implies 
that a is changed into \/a. Onsager-Casimir reciprocity 
then follows immediately from eq. (|2^p9|).) 

(6) An interesting test-case of our model would be an 
experimental setup with a FQHE disk for which the num- 
ber of terminals can be changed easily; what we envision 
is at first an experimental configuration with of course 
few quantum point contacts (at least three in order to 
observe the alternation of signs of non-diagonal elements 
of the conductance matrix), which are tuned through a 
gate voltage, so that the point contacts may be added or 
removed at will. 
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IV. BOUNDARY CONDITIONS FOR A LL IN A 
TWO-TERMINAL GEOMETRY. 

A. Boundary conditions 

As an illustration of our formalism we consider the sim- 
plest case of a two-terminal geometry with a source and 
a drain at voltages Vs and Vd (see Figure 4). 

We take as a boundary condition the relation: 



where the matrix A is: 

A -- 



= A 



eVs 



(32) 



and where conservation of the number of particles im- 
poses + = 1 = + . The parameter space 
is therefore two-dimensional. The conductance matrix 
therefore is: 



Gss GsD 
Gds Gdd 



1 -1 
-1 1 



Therefore the two-terminal conductance G?* = 
is: 



Vs-Vd 



G2t = Gss^K-(a- 



Gk det A 



(33) 



where the intrinsic conductance of the LL is Gk — 
— — — = (see section 2). Since the two-terminal 

conductance depends on the difference {a^ ~b^) — det A 
distinct boundary conditions or distinct coupling be- 
tween the reservoirs and the LL can lead to the same 
two-terminal conductance value. In contrast a given set 
of the boundary conditions specifies unambiguously the 
conductance value. If the two terminals are coupled in a 
symmetric manner to the LL one has a further condition: 
= b^ . The parameter space is then one-dimensional 
and G = X^(2a'5- 1). 



B. Contact resistances. 



but 



The LL has mean chemical potential JI — ^ 
the reservoirs have potentials eVs and eVo. Therefore 
there is a discontinuity between the chemical potentials 
of the reservoirs and the LL. In the standard Landauer- 
Buttiker picture of the contact resistance, the latter re- 
sults precisely from such a discontinuity at the bound- 
aries of each reservoirtfl: on a length equal to the in- 
elastic scattering length of each reservoir collisions bring 
back the energy of each particle coming from the metal to 
that of the reservoir. In our case, it follows immediately 
from the boundary conditions that: 



^ (fiVs -eVo) -- 
^l{eVs-eVD) 



h 2 



b^ 



2Ke 
h 



-bS) 
b"" . 



I (34) 



2Ke {aS -bsy 



which shows that there are two contact resistances: 
Rd 



1^ 

(a' 



+b^) 



2 (aS_6S) 

where the intrinsic resistance of the LL is simply: Rk = 
1 /Gk- These expressions also show that the two terminal 
conductance is obtained from a series addition law of the 
two contact resistances: Rs + Rd ~ (a^ ' -b-^ ' ) ^ R2t{= 
^T— ). This implies that our boundary conditions incorpo- 
rate an assumption of incoherence between the contacts. 
The above two equalities eq.(|3j) are completely equiva- 
lent to the boundary conditions. The two degrees of free- 
dom in the boundary conditions simply reflect the fact 
that there are two contact resistances. In the two ter- 
minal geometry we may therefore rewrite the boundary 
conditions matrix A in terms of the contact resistances: 



A 



1 



R'ii + Rd -R'k + Rs 
(Rs + Rd) V -^K + Rd R'k + Rs 



(35) 



where we have defined an intrinsic contact resistance as: 
R 



K 



1 

2Gj, 



Rewriting eq. (|34|) in terms of the chemical potentials 
leads to an expression equivalent to the boundary condi- 
tion expressed by eq.(|3£ 



eVs - fJ. 
JI - cVd 



RsIe-~ 
RdIc^ 



RsG2t {eVs ^ 
RDG2t [eVs 



eVo) 



(36) 



C. Chamon and Fradkin model. 

In the Chamon- Fradkin modelj-a. Hall bar has two ter- 
minals on its left and on its rightEII. There are Nfi (resp. 
Nl) point contacts at the right and left terminals. On the 
upper and lower edges there are chiral Luttinger liquids 
flowing in opposite directions. However the sum of the 
chiral hamiltonians for each chiral edge is exactly iden- 
tical to that of a non- chiral LL with parameter K = v. 
Through our phenomenological formalism, this allows us 
to describe Chamon and Fradkin microscopic model of a 
chiral LL as a non-chiral LL but with peculiar boundary 
conditions. If we make the reasonable assumption that 
the contact resistances Rs and Rd depend on Nl and 
Nn respectively (and not on both Nl and Nb), there is a 
single boundary condition corresponding to Chamon and 
Fradkin model. Given the two-terminal conductance in 
eq.(p3) we find the boundary conditions in eq.(P5|) with: 
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This proves that for a non-chiral LL connected to two 
reservoirs it is perfectly possible theoretically to have 
non-trivial contact resistances (different from 2^)- The 
contact resistance irh- is retrieved for — Nl = 1- 



a Kubo formula where it is assumed that an external 
field Eq applied on a length L creates a voltage drop 
—EqL = eVsD — eVs — eVo = /i+ — /i-. In our for- 
malism the specification of the external electrical field as 
-^0 = ~^^^~jr~' then understood as implying an equi- 
librium between the reservoirs and a chirality of the LL. 
But more generally this needn't be the case and a more 
general linear relation between i?o and — /Lt_ might 
hold, leading to another value of the two-terminal con- 
ductance. 

As is clear from our formalism in absence of symetry 
between source and drain the two terminal conductance 
value G2t = Ke^/h can be obtained from any boundary 
conditions such that Rs + Rd = 2i?^. 

2. Boundary conditions corresponding to G2t = /h: 



D. Comparison with earlier theories. 

Let us now discuss earlier theories of the two-terminal 
conductance and show that the differences between 
their predicted values of G2t can be completely under- 
stood within our boundary condition formalism. The 
differences stem from the hypotheses these theories 
make, implying different boundary conditions and there- 
fore different universality classes for the joint system 
LL+electrodes. 



As we have already mentionned in the introduc- 
tion many other theoretical approaches predict a non- 
renormalized conductance value G2t = Gq = e^//i per 
channel (these calculations also implicitly assume a mir- 
ror symetry between source and drain so that Rs — Rd)- 
This shows that Rs = Rd = 5^ so that the correspond- 
ing boundary conditions can be written in term of the 
matrix Q[x] defined in eq.(||) of section 2: 



Q[K- 



eVs 
cVd 



(40) 



1. Boundary conditions corresponding to G2t = Ke^ /h: 

Initially the conductance of the LL was thought 
to be G2tp.= Ke^/h following the response function 
calculatiorjj. Such calculation implicitly assumes an in- 
version symmetry between source and drain. Comparing 
this conductance value with our computations shows that 
Rs = Rd = Rfc- Going back to the boundary conditions 
equations yields the universality class: 



eVs 
eVD 



(39) 



This allows a physical interpretation of the two-terminal 
conductance G2t = Ke^/h for symetric electrodes : the 
conductance will be equal to the Luttinger liquid param- 
eter whenever there is an equilibrium between a given 
reservoir and one of the two chiralities within the LL. In 
other words the current injected by each electrode is com- 
pletely chiral. Such boundary conditions are realized in 
the FQHE: one finds indeed a two-terminal conductance 
G2t = Ke^/h for a filling fraction K which corresponds 
to a LL with parameter K . It is also easy to show 
that eq.(^9|) is realized in the FQHE for chiral edges. In- 
deed the chiral currents i± — Kj^^± can be shown by 
using linear response to be also equal to i± = Kj^^is/D 
which then implies immediately eq. (|39|) . Such a conduc- 
tance can also be recovered for a non-chiral LL by using 



(41) 



Besides for the inhomogeneous LL model (a LL for which 
the LL parameter K{x) varies with position, if (0 < x < 
L) = K and K{x) = 1 otherwise) by using continuity 
equations for the phase fields across the boundaries it 
can be explicitly shown thatB: 



eVs 
eVD 



(42) 



where 



dH 
dW 



are the chiral potentials for non- 
interacting electrons, that is if if = 1 {N^. is the number 
of fermions at the right or left Fermi points). But this 
can be reexpressed in terms of the chiral chemical poten- 
tials by noting that the chiral densities are related to the 
left or right moving fermions densities by eq.(|^), which 
results in 



Q[K] 



(43) 



Using the eq . ([42|, 43|) leads immediatlely to our boundary 
conditions eq.Ml). 

For completeness, let us mention several papers which 
have already developped a narrower boundary conditions 
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point of view to describe linear transport of LL in a 
two-terminal geometry. Frhlich et al. implicitly con- 

' eVs' 



sidered the boundary conditions 



^0 



^Y^ \ = i \ for a LL and for a chiral LL for the 

FQHE in referenced; these are subcases of our own for- 
malism. Egger et al. then discussed so-called radiative 
boundary conditions for the LLEj, and Biittiker et al. de- 
rived a siaailar boundary condition laterEj. |Sa|E_showed 
finally iro that the boundary conditions oitl3'E3 are all 



equivalent to 



eVs 
eVn 



I /4 



Therefore all these 



approaches boil down within our formalism to choosing 
one particular boundary condition. 



3. Other boundary conditions? 

Within our formalism, earlier theories correspond to 
two particular boundary conditions leading either to 
G = Ke^/h or to G = e'^/h. But as discussed in the 
introduction experimental evidence on carbon nanotubes 
and quantum wires yield conductanccjjilaieaux at values 
which differ from G = Gq per channelQu'BEl. 

The case of quantum wires fabricated by the cleaved 
edge overgrowth technique is quite noteworthy^ on the 
one hand evidence points towards a LL physicsB; on the 
other hand Landauer scattering approach is used to in- 
terpret conductance measurements irJj. Yet Landauer- 
Biittiker formalism is invalid in that context of strongly 
correlated electrons! Our formalism resolves the tension 
because it includes a theory of linear transport which is 
independent of Landauer scattering approach, while be- 
ing applicable to the LL. 

Whether more general boundary conditions than those 
implicit in earlier theories are realized must be settled by 
experiments. But we observe firstly that the Chamon and 
Fradkin model for two chiral edges can be interpreted as 
a non-chiral LL connected (albeit in a very peculiar man- 
ner) to two large reservoirs; this model then yields a con- 
ductance G ^ Go- this implies that at least theoretically 
there is no grounds for a no-go theorem preventing two- 
terminal conductance plateaux at values distinct from 
the quantum of conductance. Secondly it is noteworthy 
that in the inhomogeneous LL model which falls into the 

class of boundary condition ( ) = ( ) ^nJect^on 

of current from the reservoirs to the LL is done through a 
single point contact. But experimentally both quantum 
wires and carbon nanotubes have a large area in con- 
tact with the reservoirs: whether one can safely assume 
that there is a single tunneling point contact is there- 
fore extremely doubtful. It it then perfectly conceivable 

eVs 



that other boundary conditions than 



/4 

^0 



The quantum wire or individual single wall carbon nan- 
otubes experiments finding conductances unquantized at 
Go may therefore be explainable using interacting elec- 
trons within our formalism. 

The variety of boundary conditions reflects simply the 
nature of the equilibrium achieved between the reservoirs 
and the LL: the chemical potentials of the charge carri- 
ers within the LL (i.e. the chiral chemical potentials) 
need not be identical with those of the charge reservoirs. 
Only for symetric coupling of the electrodes and if a'^ = 1 
does one find that eVs = /^+ and eVo = /i_: Kane and 
Fisher calculations fall into that class. That boundary 
condition is natural for the FQHE because it is sensi- 
ble for the chemical potentials of the reservoirs to be in 
equilibrium with those of the charge carriers, since the 
contact region between the FQHE condensate and the 
reservoirs is la*ae. However as shown microscopically by 
Chamon et al.tZl, if the contact with the reservoirs is not 
perfect (e.g. a granularity limits the number of tunneling 
points), such an equilibrium may not be achieved. 



V. TWO-TERMINAL GEOMETRY WITH AN 
IMPURITY. 



A. New boundary conditions. 

We now insert a weak local impurity in the wire: 

y = M(5(x)(*^*L + /i.c.). (44) 

A current will therefore be backscattered and the poten- 
tials need not be identical across the impurity. We use 
eq.(|3^) to write boundary conditions in the presence of 
an impurity: 



JtR - eVo = Role 



(45) 



where the index R/ L refers to M^/l the chiral chem- 
ical potentials to the right or the left of the impurity 
and Jl is the average between the chiral chemical poten- 
tials. To have conditions on the sole chemical potentials 
it suffices then to remark that / = (/xj — M^) ~ 
T (A^fl-Aifl), so that: 



eVs ~ fJ-L = RsGk {tJ-t - t^h) 
V'R - eVo = RdGk {fJ-R - M^) 



(46) 



may be valid, leading therefore to a conductance G ^ Gq- 



In spite of these linear relations the chiral chemical po- 
tentials need not depend linearly on the external voltages 
(there are four chemical potentials for two linear rela- 
tions). There is also a non- linear contribution due to the 
backscattering at the impurity. 
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B. What is the backscattering current? 

In the presence of the impurity, some of the current is 
backscattered. It is usually assumed that the backscat- 
tering current is simply the difference between the cur- 
rent in the absence of impurity and the current in the 
presence of the impurity. This is only correct for non- 
interacting systems, but for a LL this will depend on 
both the conductance 6*24 and K. We must go back to 
the definition of the backscattering current as the veloc- 
ity times the density difference of right-movers on the left 
and on the right of the impurity: 



is = u e [pI 



(47) 



This is 



also equal by charge conservation to: 
p^) with obvious notations. We can also re- 



late is to the chiral chemical potentials by using the fact 
that u = /i J (with similar relations for the — chi- 
rality and for the potentials to the right of the impurity). 
Therefore: 



K e 



K e 



(48) 



Using the new boundary conditions (^): 

eVs - eVo ^'Pr + RdIg + Ml -I- Rsle 
^ RKiB e + {Rs + RD)Ie 

where Rk = h/Ke^. This can be recast as: 



lo 



Rs+Rd 



IB 



where 



eVs - eVp 
e {Rs + Rd) 



(49) 



(50) 



is the current in the absence of an impurity and is there- 
fore also the saturation current, i.e. the maximal current 
which can be reached when one goes to large voltages. 
The fact that ib ^ Io — I contrary to the naive expec- 
tation stems from the contact resistances: the difference 
between i g and I — Iq is akin to the difference between 
a two-teminal and a four-terminal measurement. Iq — I 
takes into account the resistance at the contacts while 
is is more intrinsic and measures the net current wich is 
backscattered locally at the impurity. 



VI. SHOT NOISE IN A TWO-TERMINAL 
GEOMETRY. 

What are the elementary excitations of the LL? The 
textbook answer is that there are two kinds of excita- 
tions: (1) bosonic density fluctuations (plasmons); (2) 
zero modes ladder operators which change the number 



of particles at each Fermi point but have no dynamical. 
It is seldom remarked that such a description of the 
excitations found for the LL through the bosonization 
method is also valid for free electrons. What this means 
is that for free electrons there are two equivalent manners 
of describing the elementary excitations (corresponding 
to two basis of eigenstates) : (1) the usual manner, in 
terms of charged quasiparticles (the electron and the 
hole); (2) and the one provided by bosonization, which 
yields bosonic density fluctuations and ladder operators. 
The two descriptions differ markedly in that the second 
involves charged excitations which have no dispersion, 
while in the first the charge dynamics is described by the 
usual quasiparticles. 

For the LL it can be shown that exactly in the same 
manner there exists a basis of charged quasiparticles. 
However instead of the Landau quasiparticle one finds 
fractional elementary excitations, which may even carry 
irrational charges. In particular the particle-hole contin- 
uum of Fermi liquid theory is replaced by a quasiparticle- 
quasihole continuum of excitations which are the analogs 
of Laughlin quasiparticlesllj. For the chiral LL (the edge 
states of the FQHE) they have been detected through 
shot noise. In the case of the non-chiral LL a marked 
difference is that such shot noise experiments would al- 
low to detect irrational charges (the FQHE filling fraction 
V which is a rational number is replaced by the LL pa- 
rameter K). 

Present theories of shot noise can be roughly seea^ 
rated into two camps: A Kane, Fisher, Balents et al£3'E^ 
predict a Fano factor equals to Ke. This is commonly 
interpreted as the proof that excitations of charge Ke 
are responsible for the noise. This calculation however 
makes no explicit modelizatipn of the reservoirs; B Pono- 
marenko et al., Egger et al.Lj work with the inhomoge- 
neous LL (two terminal geometry which models the reser- 
voirs as ID Fermi liquids on a half-line) and find a Fano 
factor or excitations of charge equals to e. We note that 
Blanter and Biittiker have argued against this last result 
by noting that the shot noise should not depend on the 
reservoirs since this is a measure of the charge backscat- 
tered locally by the impurity. We discuss now these two 
sets of theories: A we apply our boundary conditions 
formalism to the shot noise theory of Kane and Fisher; 
B for the inhomogeneous LL we discuss the meaning of 
their result in the light of the identities derived in the 
previous section. 



A. Kane-Fisher approach 

The shot noise through a weak impurity in a LL was 
first computed by Kane and Fisher (for the edge states 
of the FQHE and before the actual proof that there 
exists also Laughlin quasiparticles in the LL) by using 
the Keldysh formalism applied to an effective lagrangian 
found by integrating out the degrees of freedom away 
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from an unique impurity ((j) is the [Standard LL phase 
field at the location of the impurity )l3: 

i = ^^K||$(iw„)|' + j dTvcos{2^4>{T)). (51) 



Although initially intended for the edge states of the 
FQHE the calculation is also valid for the non-chiral LL. 
Kane and Fisher find that the current and the noise are 
given respectively by: 



h \dt 



(52) 
(53) 



where V = ^^t;sin {2^((l) + Ka)), with a source term 
J J. a added to the lagrangian. Kane and Fisher assumed 
that 



da 

e- = eiVs-V,). 



(54) 



In the absence of impurity V = 0, eq.(|52|) leads to 



da 
h'dt' 



(55) 



correspond to 



i.e. equilibrium of 



on the other hand according to eq.(g), Iq — 
Kj^ (/x+ — fj,-), together with eq. ( |5^ ) this then implies 
that e{Vs — Vd) = (Ai+ ~ M-)- Therefore within Kane- 
Fisher approach and assuming eq. (p3) the "two termi- 
nal" conductance value is G2t = Ke^h in the absence of 
an impurity. Moreover as discussed in section 4.4 (as- 
suming symmetric coupling to source and drain) this cal- 
culation falls into the class of boundary conditions which 

^^+ \ ^ ( ^Vs 

f^- J \ eVo 
the reservoirs chemical potentials with those of the LL. 
In order to obtain values of the conductance different 
from Ke^/h, it is sufficient to change the previous as- 
sumption eq. ( |5^ ) : other classes of boundary conditions 
are found simply by assuming that the response of the 
LL is totally driven by the values of the chiral chemical 
potentials {the chemical potentials of the charge carriers 
of the LL) in the absence of an impurity, and not by the 
reservoirs potentials (since there is no reason why they 
should be equal). We therefore modify eq.(|5^) into: 



da 



- M- 
Rk 



Rs + Rd 



eiVs - Vd) 



(56) 
(57) 



where in the second line the boundary conditions (35) 
in the absence of impurity have been used. Eq. (57) 
together with eq. (|5|) then lead to the value of the 
"two-terminal" conductance that we obtained with our 



approach in section 4 for the same boundary conditions, 
namely G2t = ^/{Rs + Rd)- 

So far we have shown that by assuming the source term 
definition Eq. ( ^7|) instead of Eq. ([s^ ) it is possible to 
adapt Kane-Fisher calculations to reproduce the various 
boundary conditions in the absence of impurity. 

We can now reconsider Kane and Fisher's calculations 
for the shot noise, i.e. in the presence of an impurity in 
the bulk of the LL. More precisely we express now the 
shot noise as a function of either Iq — I (the deviation to 
the saturation current) or as a function of the backscat- 
tering current is, for the various boundary conditions. 
According to eq. ( |55| ) and eq. ( p3| ) we always have inde- 
pendently of the boundary condition chosen: 



Si = Ke{h - I) 

Therefore, using eq. (^) I = Iq~ 
the last equality is also recast as: 

Go 



(58) 



Rk 



(59) 



where G2t is the two terminal conductance that reflects 
the contact resistances in the absence of the impurity. 
The shot noise Fano factor might therefore appear to de- 
pend on whether one refers to the backscattering current 
is or to /q — /, the deviation to the saturation current. 
But since Sj is the fluctuation of the current /, the phys- 
ical shot noise charge must be measured with respect 
to the current / and not with respect to is. The shot 
noise charge is therefore 7—^7 = Ke, independently of 
the boundary condition realized in the system and is not 
equal to j^. 

At any rate what is directly measured is always / or 
Iq: is is only indirectly accessible through for instance 
eq. 

In summary, within the Kane and Fisher calculation 
by the Keldysh method, it is therefore possible to have 
(i) an ohmic conductance distinct from Ke'^/h and (ii) a 
shot noise charge equal to Ke independently on the value 
of the ohmic conductance. 



B. Inhomogeneous model approach 

The role of the reservoirs on the measjUie of the shot 
noise of a LL was examined in two papcrsEj, which make 
calculations on the inhomogeneous LL model for which 

»t)-ow(;:! 

discussed in section 4.4. They both find that Si = 
e(/o — /) with a conductance 6*2* = Go . It is inter- 
esting to remark that the equation Si ^ e [Iq — I) can be 
recasted in terms of the backscattering current noise as: 



the boundary condition is 



as 



Sis = KeiB, 
since Iq — I = is/K when G2t = Gq. 
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The result of Ponomarenko et al. and Egger et al.E^, 
acquires then the following interpretation: the charge Ke 
is not found in the shot noise for the total current in the 
LL because it is really the correlations of the backscat- 
tering current which should be measured. Since the im- 
purity backscatters charge Ke Laughlin quasiparticles, 
the backscattering current correlations must contain the 
information on the charge backscattered by the impurity. 

This is in disagreement with Kane and Fisher theory 
even when this last theory is modified by our boundary 
conditions formalism in order to reproduce the situation 
G2t — Go- We are unable as yet to explain the discrep- 
ancy between the two approaches. 

Lastly, we note that taking the relation Sig — Ke is 
as a starting point, this then according to our formalism 
leads inevitably to Si — ^ e (/q — /). An experimen- 
tal test of this last suggestion would require an indepen- 
dant measurement of K and is- In FQHE such indepen- 
dant measurement is possible because the two chiralities 
of the effective LL are physically well separated and a 
direct measure of K is then possible through the Hall 
conductance. In contrast to the FQHE, is is not exper- 
imentally measureable in Carbon nanotubes: this then 
means in turn that even though 5*^^ = Ke ib the charge 
of Laughlin quasiparticles in a non-chiral LL is not di- 
rectly measurable through shot noise in a two-terminal 
geometry. 

Shot noise experiments will hopefully settle the issue. 
In this respcctj-some experiments on carbon nanotubes 
are in progressed. 



VII. CONCLUSIONS. 

We proposed in this paper a new formalism which mod- 
elizes the joint system LL-|-electrodes as a single LL with 
no electrodes but subjected to boundary conditions on 
its chiral chemical potentials. We were able to show in 
a solvable toy-model that such boundary conditions can 
indeed be derived explicitly. That model is quite remark- 
able because the conductance matrix of the LL in contact 
with an arbitrary number of terminals can be computed; 
it is found that the probabilistic scattering approach fails: 
it would lead to negative probabilities for the transmis- 
sion of electrons. The obvious advantage of our formalism 
is that it avoids discussion of the detailed microscopies 
of a system, but yields a classification of the joint sys- 
tem LL-|-electrodes and then makes precise predictions 
for the transport. In particular the Landauer-Biittiker 
view of the contact resistance as resulting from a mis- 
match between chemical potentials is recovered; if the 

S- 

charge backscattered by an impurity in a LL is we 
find that the shot noise of the total current does not al- 
low a measure of the fractional charge Ke of Laughlin 
particles in a LL. 

It is easy to generalize our formalism to the case of 
several channels: (i) several conducting channels as in 



carbon nanotubes; (ii) spin transport: this arises with 
ferromagnetic reservoirs; (iii) application of a magnetic 
field on the LL, which breaks the spin-charge separation. 

The authors wish to thank M. Gabay for useful discus- 
sions. 



^ R. Landauer, IBM J. Res. Dev. 1, 223 (1957); ibid, Philos. 

Mag. 21, 863 (1970). 
^ M. Buttiker, IBM J. Res. Dev. 32, 317 (1988); ibid, Phys. 

Rev. Lett. 57, 1761 (1986); ibid, Phys. Rev . B 33, 3020 

(1986). 

^ F.D.M. Haldane, J. Phys. C 14, 2585 (1981). For excellent 
reviews on the LL, H.J. Schulz, in Les Houches Summer 
School 1994, Mesoscopic Quantum Physics, E. Akkermans, 
G. Montambaux, J-L Pichard, J. Zinn- Justin eds, Elsevier 
Science, Amsterdam (1995); M . P. A. Fisher, L. I. Glaz- 
man, in Mesoscopic Electron Transport, L. Kouwenhoven, 
G. Schoen, L. Sohn eds, Kliiwer Academic Press, Dordrecht 
(1997). 

A. Yacoby, H. L. Stormer, N. S. Wingreen, L. N. Pfeifler, 
K. W. Baldwin, K. W. West, Phys. Rev. Lett. 77, 4612 
(1996). 

^ R. de Picciotto, H. L. Stormer, A. Yacoby, L. N. Pfeifler, K. 
W. Baldwin, K. W. West, Phys. Rev. Lett. 85, 1730 (2000). 
S. Tarucha, T. Honda, T. Saku, Solid State Commun. 94, 
413 (1995). 

® J. Kong, E. Y. Yenilmez, T. W. Tombler, W. Kim, H. Dai, 
R. B. Laughlin, L. Liu, C. S. Jayanthi and S. Y. Wu,et al., 
Phys. Rev. Lett 87, 106801 (2001). 

0. M. Auslaender, A. Yacoby, R. de Picciotto, K. W. Bald- 
win, L. N. Pfeifler, K. W. West, Phys. Rev. Lett. 84, 1764 
(2000). 

* R. Egger, A. Bachtold, M. Fuhrer, M. Bockrath, D. Cob- 
den, P. McEuen, in Interacting electrons in nanostructures, 
P. Haug, H. Schoeller eds. Springer, Berlin (2001). 

^ A. Bachtold et al., Phys. Rev. Lett 84, 60821 (2000); H. 
Soh et al., Appl. Phys. Lett. 75, 627 (1999); J. Nygard, 
D. H. Cobden, P. E. Lindelhof, Nature (London) 408, 342 
(2000). 

^°I. Safi, H. J. Schulz, Phys. Rev. B 52, R17Q4Q (1995); 

V.V. Ponomarenko, Phys. Rev. B 52, R8606 (1995); D. 

L. Maslov, M. Stone, Phys. Rev. B 52, R5339 (1995). 
" A. Y. Alekseev, V. Cheianov, J. Frohhch, Phys. Rev. B 54, 

R17320 (1996). 

R. Egger, H. Grabert, Phys. Rev. Lett. 77, 538 (1996); 
ibid, Phys. Rev. Lett. 80, 2255 (1998); ibid, Phys. Rev. B 
58, 10761 (1998). 

Ya. M. Blanter, G. W. J. Hekking, M. Biittiker, Phys. Rev. 
Lett. 81, 1925 (1998). 

1. Safi, Eur. Phys. J. B 12, 451 (1999). 

K-I Imura, K.-V. Pham, P. Lederer, F. Piechon, to be pub- 
lished in Phys. Rev. B. 

K.-V. Pham, M. Gabay, P. Lederer, Phys. Rev. B 61, 16397 
(2000). 

" C. Chamon and E. Fradkin, Phys. Rev. B 56, 2012 (1997). 



10 



Y. Imry in Directions in Condensed Matter Physics, G. 
Grinstein, G. Mazenko eds, World Scientific Press, Singa- 
pore, 1986. 

C. L. Kane, M. P. A. Fisher, Phys. Rev. B 46, 15233 (1992). 
^ C. L. Kane, M. P. A. Fisher, in Perspectives in Quantum 

Hall Effects, S. das Sarma & A. Pinczuk eds, Wiley, New 

York, 1997. 
^ I. Safi, Ann. Phys. Fr. 22, 463 (1997). 

C.L. Kane and M.P.A. Fisher, Phys. Rev. Lett. 68, 1220 

(1992). 

C. Bena, S. Vishve shwara, L. Balents, and M.P.A. Fisher, 
cond-mat/0008188 . 

V.V. Ponomarenko and N. Nagaosa, Solid State Commun. 
110, 321 (1999); B . Trauzettel, R. Egger and H. Grabert, 
cond-mat/0109022|. 



Ya. M. Blanter, M. Biittiker, Phys. Rep. 336, 1 (2000). 
P.-E. Roche, M. Kodak, S. Gueron, A. Kasumov, B. 
Reulet, H. Bouchiat, submitted to Eur. Phys. J. B. 


















: :: I'. f. 






it 


















FIG. 2. Same as Fig. 1 but for LL connected to many 
electrodes in a rod geometry. 




FIG. 3. Model of a chiral LL connected to many chiral 
electrodes in a loop geometry. 



FIG. 1. LL connected to many electrodes in a loop geom 
etry. V„ is the potential of electrode n. fi^ are the chirE 
chemical potential on the left of electrode n. Due to curren 
injection at each terminal the chiral chemical potentials ma 
change their values across them: accordingly /i^ on the lei 
of terminal n is changed to fi^^i on the right of the sam 
terminal. 



LUTTINGER LIQUID 



FIG. 4. LL in a two terminals geometry. 
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